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1 Introduction 

Atiyah [1] defined in 1976 the _L^-Betti numbers of a compact Rieniannian manifoid. They are 
defined in terms of the spectrum of the Laplace operator on the universal covering of M. By 
Atiyah's L^-index theorem [1], they can be used e.g. to compute the Euler characteristic of M. 

Dodziuk [4] proved an L^-Hodge de Rham theorem which gives a combinatorial interpretation 
of the L^-Bctti numbers, now in terms of the spectrum of the combinatorial Laplacian. This 
operator can be considered to be a matrix over the integral group ring of the fundamental group G 
of M . These L^-invariants have been successfully used to give new results in differential geometry, 
topology, and algebra. For example, one can prove certain cases of the Hopf conjecture about the 
sign of the Euler characteristic of negatively curved manifolds [9], or, in a completely different 
direction, certain cases of the zero divisor conjecture, which asserts that Q[G] has no non-trivial 
zero divisors if G is torsion- free [16, Lemma 2.4]. 

In this paper, we will be concerned with the computation of the spectrum of matrices not 
only over ZG, but also over QG, where Q is the field of algebraic numbers in C This amends 
our understanding of the combinatorial version of L^-invariants. Moreover, it allows important 
generalizations of the algebraic applications. In particular, we can prove in new cases that CG, 
and not only QG, has no non-trivial zero divisors. 

Specifically, the goal of this note is to extend a number of (approximation) results of [15], 
[5], [8], [21] and [19] from QG to QG, and to give more precise information about the spectra of 
matrices over QG than was given there. 

We deal with the following situation: G is a discrete group and K is a subfield of C. The most 
important examples are K — Q, K — Q, and K — C Assume A £ M{d x d,KG). We use the 
notation P(G) = {/: G ^ C | Eg^G l/(5)l' < oo}- 

By left convolution, A induces a bounded linear operator A: 1'^(GY -^ l'^{GY (using the 
canonical left G-action on P{G)), which commutes with the right G-action. 

Let prj.g^^: 1^{G)'^ -^ P{GY be the orthogonal projection onto kerA. Then 



dimG(kerA) ■- trciv'^i.crA) — ^{W\,cr Ae-^^a,) 



l^G)", 

where Ci e P{Gy'' is the vector with the trivial element of G C l'^{G) at the i*'^-position and zeros 
elsewhere. 

To understand the type of results we want to generalize, we repeat the following definition: 

1.1. Definition. Let K he a subring of C. We say that a torsion free group G fulfills the strong 
Atiyah conjecture over KG if 

dimG(kerA)GZ ^A e M{d x d, KG); 

where kei A is the kernel of the induced map A: P{G)'^ -^ l'^{GY . 

It has long been observed that for a torsion free group G, the strong Atiyah conjecture over 
KG implies that KG does not contain non-trivial zero divisors. If i^" = Q, it does even imply that 
CG has no non-trivial zero divisors (we will recall the argument for this in Section 5). 

Linnell proved the strong Atiyah conjecture over CG if G is torsion free and G ^ C, where C 
denotes the smallest class of groups containing all free groups and which is closed under extensions 
with elementary amenable quotient and under directed unions. 
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In [19] (see also [20]), Linnell's results have been generalized to a larger class V of groups (see 
Definition 1.2 below), but only for QG instead of CG. One of the objectives of this paper is, to fix 
the flaw that only the coefficient ring Q is allowed. 

Recall that the class of elementary amenable groups is the smallest class of groups containing 
all cyclic and all finite groups and which is closed under taking group extensions and directed 
unions. The class V as defined in [19] is then as follows. 

1.2. Definition. Let V be the smallest non-empty class of groups such that: 

(1) If G is torsion-free, A is elementary amenable, and we have an epimorphism p: G ^ A such 
that p^^{E) E T) for every finite subgroup E of A, then G E V. 

(2) V is subgroup closed. 

(3) Let Gi G V he a, directed system of groups and G its (direct or inverse) limit. Then G E V. 

Certainly P contains all free groups, because these are residually torsion-free nilpotcnt. One 
of the main results of [19] (see also [20]) is 

1.3. Theorem. //G G I? then the strong Atiyah conjecture over QG is true. 
We improve this to 

1.4. Theorem. If G eV then the strong Atiyah conjecture over QG is true. 

As mentioned above, as a corollary we obtain via Proposition 5.1 that there are no non-trivial 
zero divisors in CG, if G G P. 

1.5. Corollary. Suppose G is residually torsion free nilpotent, or residually torsion free solvable. 
Then the strong Atiyah conjecture is true for i 



Proof. Under the assumptions we make, G belongs to P. D 

The proof of Theorem 1.3 relics on certain approximation results proved in [21] which give 
information about the spectrum of a self-adjoint matrix A G M{d x d,QG). We have to improve 
these results to matrices over QG. This will be done in Section 3, where also the precise statements 
are given. As a special case, we will prove the following result. 

1.6. Theorem. Suppose the group G has a sequence of normal subgroups G D Gi D G2 D • • • 

with ClifzfqGi ~ {1} and such that G/Gi G V for every i G N. Assume that B G M{d x d, QG). 
Let Pi'. G — > G/Gi denote the natural epimorphism, and let B[{\ G M{d x d,QG/Gi) he the image 
of B under the ring homomorphism induced by pi . Then 

dimG(ker(_B)) — lim drniQ/Q. ker (B[i]). 

i — *oo 

We will also have to prove appropriate approximation results for generalized amenable exten- 
sions, whereas in [21] we only deal with the situation H < G such that G/H is an amenable 
homogeneous space. Actually, in the amenable situation we are able to generalize F0lner type 
approximation results to all matrices over the complex group ring. 

Consider a larger class Q of groups defined as follows, following the definitions in [19]. 
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1.7. Definition. Assume that G is a finitely generated discrete group witli a finite symmetric 
set of generators S (i.e. s G S implies s~^ G S), and let H be an arbitrary discrete group. We 
say that G is a generalized amenable extension of H, if there is a set X with a free G-action 
(from the left) and a commuting free iJ-action (from the right), such that a sequence of 7J-subsets 

Xi C X2 C X3 C • • • C X exists with UfeeN -^k = ^, and with \Xk/H\ < 00 for every fc g N, and 
such that 

\{S ■ Xk — Xk)/H\ fe^oo 

1.8. Definition. Let Q be the smallest class of groups which contains the trivial group and is 
closed under the following processes: 

(1) li H ^ Q and G is a generalized amenable extension of H, then G E Q. 

(2) If i7 e g and [/ < i/, then U (^G. 

(3) If G = liniig/ Gi is the direct or inverse limit of a directed system of groups Gi G Q, then 
Gg^. 

We have the inclusion C (I'D <Z Q, and in particular the class Q contains all amenable groups, 
free groups, residually finite groups, and rcsidually amenable groups. 

The approximation results derived in sections 3 and 6 then imply the following "stability" result 
about the Atiyah conjecture. 

1.9. Proposition. Assume G is a subgroup of the direct or inverse limit of a directed system of 
groups (Gi)iei. Assume Gi G G, Gi is torsion-free, and Gi satisfies the strong Atiyah conjecture 
over QGi for every i £ I. Then G also satisfies the strong Atiyah conjecture over ( 



In Section 6 we will address the question when Theorem 1.6 holds for all matrices over CG. We 
will answer this question affirmatively in particular if G is torsion free and elementary amenable. 

1.10. Proposition. Let G be a torsion free elementary amenable group with a nested sequence of 
normal subgroups G D Gi D G2 D • • • such that f] Gk = {!}. Assume G /Gi G Q for every i G N. 
Let A G M{d X d,<CG) and Ak G M{d x rf, C[G/Gfe]) its image under the maps induced from the 
epimorphism G -^ G/Gk- Then 

dimG(ker(^)) = lim dimc/Gk{^CT{Ak)). 

k — >oo 

In section 6 we study the algebraic eigenvalue property for discrete groups G. This implies cer- 
tain number theoretic properties of eigenvalues for operators A = B*B, where B G M{d x d, QG); 
this includes the combinatorial Laplacian on L^-cochains on any normal covering space of a finite 
GW complex. We establish the absence of eigenvalues that are transcendental numbers, whenever 
the group is either amenable or in the LinncU class C. We also establish the absence of eigenvalues 
that are Liouvillc transcendental numbers whenever the group is either residually finite or more 
generally in the bootstrap class Q. The statements rely on new approximation results for spectral 
density functions of such operators A. 
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2 Notation and Preliminaries 

Let G be a (finitely generated) group and A G M{d x d, CG). We consider A as a matrix indexed 
by / X / with / = {!,... ,d} x G. We can equally well regard A as a family oi d x d complex 
matrices indexed by G x G. With this interpretation, the following invariancc condition holds 

^x.y — ^xz,yz' V / 

for all x,y,z G G. Similarly, elements of P{G)'^ will be regarded as sequences of elements of C* 
indexed by elements of G so that 

{Af)x = 2_^ ^x,yfy 

y 

Note that one can also identify l'^{G)'^ with P{G) ®c C'', and similarly for matrices, as we will 
do occasionally. 

Observe also that there exists a positive number r depending on A only such that 

A^^y^O if pix,y)>r (2.2) 

where p{x, y) denotes the distance in the word metric between x and y for a given finite set of 
generators of G. 

2.1 Free actions 

If G acts freely on a space X (as in Definition 1.7), then every matrix A as above (and actually 
every operator on 1'^{GY) induces an operator Ax on l'^{XY. 

Choosing a free G-basis for X, l'^{XY can be identified with a (possibly infinite) direct sum 
of copies of P{GY, and Ax is a diagonal operator with respect to this decomposition, where each 
operator on 1'^{GY is equal to A. Consequently, if we apply the functional calculus, ,f{A)x = .f{Ax) 
for every measurable function / (provided A is self-adjoint). 

Pick X & X and define 

d d 

iraiAx) ■.= ^{Ax{x®ei),x®e^) ^^{A{1® ei),l®e^), 

i=l i=l 

where (ei, . . . , e^) is the standard basis of C^ and where we identify P{XY with a direct sum of 
a number of copies of P{GY as above and use the identification P{XY = I'^i^) ^C C'^. Then 
tTG{Ax) — tTQ{A) (in particular the expression does not depend on x G X). 

2.2 Spectral density functions and determinants 

Assume A G M{d x d, CG) as above, and assume that A, considered as an operator on 1^{GY, is 
positive self-adjoint. This is the case e.g. HA — B*B for some B G M{d x d, CG). Here B* is the 
adjoint in the sense of operators on P{GY. li B = (bij) with bij G CG, then B* G M{d x d, CG) 
is the matrix with entry 6* at the position {j,i), where {b*Ag ~ bij _i. 
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For A > let pr;^ be the spectral projection of A corresponding to the interval [0, A]. This 
operator also commutes with the right G-action on 1^{G)'^. Using exactly the same definition of 
the regularized trace as before for finite matrices, we define the spectral density function 

F^(A):-trG(prJ. 

This function is right continuous monotonic increasing, with 

FA(0)=dimG(kcr(A)). 

We will be interested in the behavior of this function near 0. 

Using the spectral density function, we can define a normalized determinant as follows. 

2.3. Definition. If A G M{d x d, CG) is positive self-adjoint, we define (the logarithm) of its 
normalized determinant by the Riemann-Stieltjes integral 



IndetG(A) = / ln(A) dFA{X). 
Jo+ 

Using integration by parts, if K > ||A||, we can rewrite 

IndetG(A) = ln{K){FA{K) - ^^(0)) - / ^^W - ^^i^) ^A. 

Observe that, if G = {1}, dctG(A) is the product of the eigenvalues of A which are different 
from zero. In general, detG(^) is computed from the spectrum of A on the orthogonal complement 
of its kernel. 

2.3 Generalized amenable extensions 

Let G be a generalized amenable extension of H with a finite set of symmetric generators S. Let 
Xi C X2 C • • • C X be a generalized amenable exhaustion as in Definition 1.7. 

2.4. Definition. For r G N, we define the r-neighborhood of the boundary of Xi (with respect to 
S) as 

mr{x,):^s''x,ns'{x~x,). 

Note that all these sets are right _ff-invariant. 

2.5. Lemma. We have 

\{S''-Xk-Xk)/H\ k- 



\Xk/H\ 

\{mr,{Xk)/H)\ k- 



\Xk/H\ 
In particular, for any finite subset T of G, 

\{T-XknT{X-Xk))/H\ k 



Vn G N, (2.6) 



> Vn G N. (2.7) 



\K.IH\ "■ <^- 
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Proof. Observe that S"^Xk = S^'^Xk U S{S"--^Xk - Xk). Consequently, 

\{S-Xk-Xk)/H\ ^ \{S--'Xk-Xk)/H\ \{S^-'Xk-Xk)/H\ 

- w m\ r |o| 



\XklH\ - \Xklli\ ' ' \Xklii\ 

Since l^j is fixed, (2.6) follows by induction. 

Next, «n„(Xfe) = 5'"Xfcn5'"(X-Xfe) is contained in the union of S'"Xfc-Xfc and S'^{X-Xk)(^ 
Xk- For the latter observe that vy — x with v € S" , y ^ Xk and x G Xk means that y — v~^x, 
and since S is symmetric v^^ G 5", i.e. y G S"-Xk - Xk- Consequently, |(5"(X - Xk) n Xk)/H\ < 
IS*"! • \iS"-Xk - Xk)/H\, such that (2.7) follows from (2.6). 

(2.8) follows, since T C S" for sufhcicntly large n gN. D 

2.9. Example. If _ff C G and G/H is an amenable Schreier graph (e.g. if iJ is a normal subgroup 
of G such that G/H is amenable), then G is a generalized amenable extension of H. In these cases, 
we can take X to be G, and Xk ■— p^^Yk Up: G — > G/H is the natural epimorphism, and Yk are 
a F0lner exhaustion of the amenable Schreier graph (or amenable group, respectively) G/H. 

The following result follows from an idea of Warren Dicks. 

2.10. Example. Assume G is a finitely generated group with symmetric set of generators S which 
acts on a set X (not necessarily freely). Assume there is an exhaustion Xi C X2 C • • • C X of X 
by finite subsets such that 

\SXk — Xk\ fe^oo ,, 



\Xk\ 

For a; G X let Gx := {g € G \ gx = x} be the stabilizer of x. If a group H contains an abstractly 
isomorphic copy of Gx for every x G X, e.g. if H is the free product or the direct sum of all Gx 
{x G X), then G is a generalized amenable extension of H. 

This follows immediately from the following Lemma, which is (with its proof) due to Warren 
Dicks. 

2.11. Lemma. Let X be a left G-set. 

If for every x G X , the G-stabilizer Gx embeds in H , then 

(1) there exists a family of maps 

{-fx:G^H\xeX) 

such that, for all x G X , for all 51; 52 G G, 

lgix{92)lx{gi) ^lx{g29l), 

and the restriction of jx to Gx is injective (and a group homomorphism) . 

If (1) holds, then there is a G-free H-free (G, H)-bi-set structure on X x H such that 

g{x,y)h^ {gx,jx{g)yh), 

for all g E G, X lE X , y,h E H . Moreover, for each x G X , ifY is a left jx{Gx)-transversal in H , 
then {a;} xY is a left G-transversal in Gx x H . 
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Proof. Let xq £ X, and let a: Gx„ -^ H he an injective group homomorphism. 

We claim that there exists a right a-compatible map f3: G ^ H, that is, I3{gk) — (3{g)a{k) for 
all k G Gxo and all g G G. Since G is free as right G^g-set, we can construct f3 as follows. Choose 
a right Ga;(, -transversal in G, and map each element of this transversal arbitrarily to an element of 
H, and extend by the Ga;^ -action to all of G. 

Now let X G Gxq, and choose gx € G such that x = gx^o- 

Define jx- G ^ H hy jx{g) = Pig9x)P{gx)^^ for all g G G. Since /? is right a-compatible, we 
see that jx is independent of the choice of gx ■ 

For all 51, 32 € G, 

73ia;(52)7x(5i) = P{g2gigx)P{gigxy^(i(.gigx)P(.gxy^ 
= P{92gigx)P{gxy^ = ix{g2gi) 

We now show that 72, restricted to Gx is an injective group homomorphism. Suppose that 
g G Gx, so g'^ggx e G^^o, and 

7a; (3) = I3{ggx)f3{gxy^ = P{9xgx^ggx)l3{gx)~'^ 
= P(.9x)a(gy ggx)l3{gxy^ ■ 

Since a is injective, we see that ^x is injective on Gx- 

Since Gxq is an arbitrary G-orbit in X, we have proved that (1) holds. 

Now suppose that (1) holds. It is straightforward to check that we have the desired (G, H)- 
bi-set structure on X x H , and that it is G-free and i?-free. Finally, for any x ^ X, there is a 
well-defined, injective map from jx{Gx)\H to G\{X x H), with jx{Gx)h mapping to G(x, h), for 
all h £ H. It is surjective, since G{gx,h) = G{x,jx{g)~^h) for all g £ G. D 

One should observe that such a G-space X of course is the disjoint union of Schreier graphs 
G/Gx- However, X being an amenable G-set in the sense of Example 2.9 does not necessarily 
imply that any of the these G/Gx is an amenable Schreier graph. If, for a fixed set of generators 
S' of G one can find quotient groups with arbitrarily small exponential growth, then the disjoint 
union of these quotients becomes an amenable G-set. 

2.4 Direct and inverse limits 

Suppose that a group G is the direct or inverse limit of a directed system of groups Gi, i E I. The 
latter means that we have a partial ordering < on / such that for all i,j G / there is fc G / with 
i < k and j < k, and maps pij : Gi -^ Gj in the case of the direct limit and pji : Gj -^ Gi in the case 
of the inverse limit whenever i < j, satisfying the obvious compatibility conditions. In the case of a 
direct limit we let pi: Gi —> G he the natural maps and similarly, for an inverse limit, pi : G ^ Gi. 
The maps between groups induce mappings between matrices with coefficients in group rings in 
the obvious way. Let B G M{d x d, CG). If G is an inverse limit we set B[i] = Pi{B). 

In the case of a direct limit it is necessary to make some choices. Namely, let B ~ (a^;) with 
o-ki = "l^oeG ^ki9- Then, only finitely many of the A|j are nonzero. Let V be the corresponding 
finite collection of g G G. Since G is the direct limit of Gi, we can find jo G / such that V C 
Pjg{Gjg). Choose an inverse image for each g in Gj„. This gives a matrix -B[jo] S M(d x d,Gj„) 
which is mapped to B[i] := Pj„iB[jo] G M{d x d, Gi) for i > jo- 
Observe that in both cases B*[i] = B[i]*. 
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3 Approximation with algebraic coefficients 

3.1 Lower bounds for determinants 

We will define in Definition 3.18 an invariant k(A) of matrices A G M{d x d, CG) which occurs in 
the lower bounds of generalized determinants we want to establish. 

3.1. Definition. We say that a group G has the determinant bound property if, for every B S 
M{d X d,o{Q)G) and A = B*B, where o(Q) is the ring of algebraic integers over Z in C, the 
following is true: Choose a finite Galois extension i : L C C of Q such that B <E M{d x d, LG). Let 
(Ti, . . . , (Tr : i ^ C be the different embeddings of i in C with ai = i. Then 

r 

IndetG(A) > -d^ln(K(crfc(A))). (3.2) 

We say that G has the algebraic continuity property, if always 

dimG(ker(B)) = dimG(ker((TfeS)) Vfc == 1, . . . , r. (3.3) 

3.4. Theorem. I/Ge Q, then G has the determinant bound property and the algebraic continuity 
property. 

3.5. Corollary. If B ^ B* G M{d x d,QG) and \ <= M. is algebraic and an eigenvalue of B, 
then A is totally real, i.e. <t(A) G M for every automorphism a: <C —>■ C The same is true if Q is 
replaced by any totally real algebraic extension Q C i? C C, i.e. <j{R) C M for every automorphism 

a: C^C. 

Estimate (3.2) implies a sometimes more convenient estimate for the spectral density functions, 
which we want to note now. 

3.6. Corollary. Let C G K. Suppose A G M{d x d,CG) with \\A\\ > 1 is positive self-adjoint and 
satisfies 

IndetG(A) > -C. 

Then, forO< X< \\A\\, 

FAiX)~FAO)< _i^(;,/p||)- (3-7) 

In particular, in the situation of Theorem 3.4, .for all A such that < A < ||A||, we have 

d-{H\\M) + El=2H<MAm 



Fa{X)^Fa{0)< 



< 



-ln(A/||A||) 
rfELiln(«K(A))) 



(3.8) 



-ln(A/||A||) 
If r — \, i.e. A G M{d x d,1,G), then this simplifies to 



-^<^)--^<»)^^^!?^- <"' 
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Proof. The proof of (3.7) is done by an elementary estimate of integrals. Fix < A < ||7l||. Then 

/•Mil 
-C<lndetG(A) = / MT)dFA(T) 
Jo+ 

.A .||A|| 

= / ln(T) dFAir) + / ln(T) ^^^(t) 

< H\){Fa{X) FAiO)) + H\\A\\)(Fa{\\A\\) Fa{X)) 
<HX/\\A\\){FAiX)-FAm+dH\\A\\). 



This implies that 



F.(A)-^.(0)<^ + ^l^("^") 



MA/ II All)- 
For (3.8) we use (3.2) and the fact that \\A\\ < k{(7i{A)). D 

3.2 Approximation results 

We will prove Theorem 3.4 together with certain approximation results for L^-Bctti numbers in 
an inductive way. We now formulate precisely the approximation results, which were already 
mentioned in the introduction. To do this, we first describe the situation that we will consider. 

3.10. Situation. Given is a group G and a matrix B E M{d x d,CG). We assume that one of 
the following applies: 

(1) G is the inverse limit of a directed system of groups Gi. Let B[i] G M{d x d,CG) be the 
image of B under the natural map pi : G ^ Gi. 

(2) G is the direct limit of a directed system of groups Gi. For i > io we choose B[i] G 
M{d X d,CG) as described in subsection 2.4. 

(3) G is a generalized amenable extension of U with free G-U space X and F0lner exhaustion 
Xi C ^2 C • • • C X of X as in Definition 1.7 (with \X,/U\ := N, < cx)). Let Pi : P{XY -^ 
P{XiY be the corresponding projection operators. Recall that Bx is the operator on l'^{X)'^ 
induced by B, using the free action of G on X . We set B[i] := PiBxP* ■ 

Moreover, we set A := B*B, and A[i] = B[i]*B[i] (for i > io). 

In the first two cases we write dim^, tr^ and deti for dime-, trc^ and detci, respectively. 
In the third case we use a slight modification. We set dim^ :— -^ dimjj and tr^ := -^tru, 
Indcti := -^Indetu, and write Gi :— U to unify the notation. 

We also define the spectral density functions -FA[i] (X) as in Subsection 2.2, but using tr^ instead 
of the trace used there. 

We are now studying approximation results for the dimensions of eigenspaces. We begin with 
a general approximation result in the amenable case. In particular, we generalize the main result 
of [5] from the rational group ring to the complex group ring of an amenable group, with a simpler 
proof. Eckmann [7] uses related ideas in his proof of the main theorem of [5] . 
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3.11. Theorem. Assume G is a generalized amenable extension ofU, and B G M{d x d,CG). 
Adopt the notation and situation of 3.10(3). Then 

diiii[/ ker(_B[il) 
dimG(ker(_B)) = lim diiiii kcr(i?[«J) = lim . 

i — >oo i — >oo iVi 

We can generalize this to 3.10(1) and 3.10(2), but, for the time being, only at the expense of 
restricting the coefficient field to Q. 

3.12. Theorem. Suppose B G Ad{d x d,QG) is the limit of matrices B[i] over QGi as described 
in 3.10. Assume Gi ^ Q for all i. Then 

dm\Q{kei{B)) = limdimi(ker(i3[i])). 

Note that it is sufficient to prove Theorem 3.12 for A = B* B, since the kernels of B and of 
A coincide, and since by Lemma 3.17 B[i\* = {B*)[i\. Moreover, every algebraic number is the 
product of a rational number and an algebraic integer (compare [6, 15.24]). Hence we can multiply 
-B by a suitable integer N (without changing the kernels) and therefore assume that B, and A, is 
a matrix over o{Q)G. 

We start with one half of the proof of Theorem 3.11. 

3.13. Lemma. In the situation of Theorem 3.11, 

dim;/ ker(i3[z]) 



dim(3(ker(_B)) < liminf ■ 



\X^/U\ 



Proof. First observe that, in the situation of 3.10(3), we have to discuss the relation between B 
and Bx- Since the action of G on X is free, Bx is defined not only for B G M{d x d, CG), but 
even for B G M{d x d,J\fG), where J\fG is the group von Neumann algebra of G, i.e. the weak 
closure of CG in B{P{G)), or equivalently (using the bicommutant theorem) the set of all bounded 
operators on P{G) which commute with the right G-action. 

Let P be the orthogonal projection onto ker(S). Then dimG(keri3) = trG(-P) = traiPx) 
(where Px is the orthogonal projection onto ker(i3x), as explained above). 

Let Pi be the orthogonal projection of P{XY onto the set of functions with values in C* and 
supported on Xi. We need to compare PiBx and BxPi- Let T be the support of B, i.e. the set 
of all 5 G G such that the coefficient of g in at least one entry in the matrix B is non-zero, and 
fix r G N such that T C S^ . Also let A be the matrix of Bx with respect to the basis X. A 
calculation shows that 

{}^vex\Xi^x,yfy, it a; G Ai 
(3.14) 
^yex, ^x,yfy, ii X ^ X^. 

It follows that the value of the difference is determined by the values jy on the r-neighborhood 
9^,(Arj) of the boundary of Xi. 
We have 

trc Px == TTTTTTT trc/ P^Px 
\^ilU\ 
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by the invariance property (2.1). Since ||Pi-P|l < 1, tiu PiP < dimi/imPiP and imPiP = 
Pi{keT{Bx)), we have 

dimGker(Bjf) < — — — dime/ ^j(kcr(Bx))- 

To simpHfy the notation we identify the functions on X supported on Y d X with functions on 
X. With this convention, Pi = P* and B[i] = PiBxPt- 
Consider / e ker(i3x), i-t^- Bxf = 0. It foUows that 

SHP,/ = P^BxP^f - P^Bxf = P^{BxP^f - P,Bx.f). 

By (3.14), the right-hand side is determined uniquely by the restriction of / to ^r(Xi). Thus, if 
the restriction of / e kcr(_Bx) to ^r{Xi) is zero, then 

B[i]P^f = 0. (3.15) 

The bounded C/-equivariant operator P^ : PiX)"^ -^ P{Xi)'^ restricts to a bounded operator 
Pi : kei{Bx) ~^ P{Xi)'^. Let V C kei{Bx) be the orthogonal complement of the kernel of this re- 
striction inside ker(i?x)- Then Pi restricts to an injective map V -^ l'^(Xi) with image Pi(ker(Px)). 
Consequently, dimt/(y) — dim^/ Pi(ker(i?x)) [16, see §2]. 

Let pr,: P{X,)'^ -^ ker(B[«]) be the orthogonal projection, and let Q,: P{XY -^ P{^r{Xi)Y 
be the restriction map to the subset ^^^(-^i) (this again is the orthogonal projection if we use the 
above convention). 

The bounded J7-equivariant linear map 

^: l^XY ^ l\'yir{X,)f © ker(i?[z]) : / ^ (g,(/), pr, P,(/)) 

restricts to a map a: F ^ l'^{^r{Xi)Y © ker(i?[«]). We claim that a is injective. In fact, if 
/ G F C ker(Bx) and 0,(/) = then by (3.15) P^{f) e kcv{B[i]). Therefore, pr,P,(/) - P,{f). 
Since / G kcr(Q:) this implies Pi{f) = 0. But the restriction of Pi to V is injective, hence / = as 
claimed. 

It follows that 

dimG(ker(B)) < -J—-d[mu{P{mr{X,)f(BkcT{B[i]))- 
\Xi/U\ 

Since mr{X^) is a free C/-space, dimu P{^r{X^))'' = d\mriX^)/U\, therefore 

,. n /^NN ,\'^r(Xi)/U\ dimukeT{B\i]) 
d mG(ker B) < d ' y /' ' H ^ — /, ^ ^\ 

By Lemma 2.5, the first summand on the right hand side tends to zero for i ^ oo. Consequently 

diTcijj ker(i?[«]) 



dimG(ker(P)) < liminf ■ 

i^oo \yii/ U I 



D 
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Using similar ideas, it would be possible to finish the proof of Theorem 3.11. However, we will need 
more refined estimates on the size of the spectrum near zero to establish Theorem 3.4. Moreover, 
what follows is in the same way also needed for the proof of Theorem 3.12, so we will not finish 
the proof now. Instead, we will continue with the preparation for the proofs of all the results of 
Subsections 3.1 and 3.2, which will comprise the rest of this and the following three subsections. 
We start with two easy observations. 

3.16. Lemma. With the definitions given in 3.10, tr^ in each case is a positive and normal trace, 
which is normalized in the following sense: i/ A = id £ M{d x (1,1,0) then tTi{A[i]) — d. 

Proof. This follows since trQ. has the corresponding properties. D 

3.17. Lemma. Suppose we are in the situation described in 3.10. Let K and L be subrings of <C 
If B is defined over KG, then B[i] is defined over KGi for all i in the first and third case, and for 
i > io in the second case. 

Let a: K ^ L be a ring homomorphism. Then it induces homomorphisms from matrix rings 
over KG or KG[i] to matrix rings over LG or LG[i] respectively; we shall also indicate by a any 
one of these homomorphisms. Furthermore we get a{B[i]) = {aB)[i] and B[i]* = (B*)[i] whenever 
B[i] is defined. In particular, the two definitions of A[i] agree. 

Since we are only interested in B[i] for large i, without loss of generality, we assume that the 
statements of Lemma 3.17 are always fulfilled. 

Proof. The construction of A[i] involve only algebraic (ring)-operations of the coefficients of the 
group elements, and every cr is a ring-homomorphism, which implies the first and second assertion. 
Taking the adjoint is a purely algebraic operation, as well: if i? = (bij) then B* — (&*j), where 

for b = ^qfzG^gS ^ '^^ ^^ have b* = ^„^q ^g~^g. Since these algebraic operations in the 
construction of B[i] commute with complex conjugation, the statement about the adjoint operators 

follows. n 

3.3 An upper bound for the norm of a matrix 

The approximation results we want to prove here have a sequence of predecessors in [15], [5], and 
[21]. The first two rely on certain estimates of operator norms (which are of quite different type 
in the two cases). We want to use a similar approach here, but have to find bounds which work 
in both the settings considered in [15] and [5]. (These problems were circumvented in [21] using 
a different idea, which however we didn't manage to apply here). The following definition will 
supply us with such a bound. 

3.18. Definition. Let / be an index set. For A :— (aij)ij^j with a^ G C set 

5'(^) :== sup|supp(zi)| , 
iei 

where Zi is the vector Zi := {aij)j^i and supp(zi) := {j G /[ a^ ^ 0}. Set 

l-4|oo :=sup|a,j|. 

^,3 
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Set A* := (fljO^je/. If S{A) + S{A*) + \A\^ < oo set 



^iA):=^SiA)SiA*)-\A\^. 

Else set k{A) := oo. 

If G is a discrete group and A G M{dx d,CG) consider A as a matrix with complex entries 
indexed by / x / with / := {1, . . . ,d} x G, and define k{A) using this interpretation. 

3.19. Definition. Let / and J be two index sets. Two matrices A — {ais)i^s€i and B ~ {hjt)j.te.J 
are called of the same shape, if for every row or column of A there exists a row or column, 
respectively, of B with the same number of non-zero entries, and if the sets of non-zero entries of 
A and B coincide, i.e. 

{0} U {a,s I i, s e /} = {0} U {hjt \j,te J}. 

3.20. Lemma. // two matrices A and B have the same shape, then 

k{A) = k{B). 
Proof. This follows immediately from the definitions. D 

3.21. Lemma. If A e M{d x d,CG) as above then k{A) < oo. 

Proof. If Y^ agg € CG then (^ cigd)* — Yl '^g-^d^ ^^id correspondingly for matrices. 

The assertion follows from the finite support condition and from G-equivariance a/k.g),n,h) = 
a(k,gu),(i,hu) for g,h,u&G. U 

3.22. Lemma. Assume A = {aij)ij^i fulfills k{A) < oo. Then A induces a bounded operator on 
P{T) and for the norm we get 

\\A\\ <k{A). 

This applies in particular to A ^ M{d x d,CG) acting on P{G)'^. 

Proof. Assume v — (vj) £ 1^{I)- With Zi :— {aij)j^i we get 

iei 
We estimate 

2 
|2 



\{Z^,V)\ 



jesupp(zi) 



jesupp{zi) jGsupp(zi) 



< S{A) snp \a,jf ■ ^ \vj\^ . 

jesupp(zi) 

Here we used the Cauchy-Schwarz inequality, but took the size of the support into account. It 
follows that 

\Av\^<S{A)sup\a,,\'-Y^ ^ \v/. (3.23) 

''-' iei jesupp{zi) 
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Observe that 

j e supp(zi) ^=4> fly ^ ^=^ fly y^ <=^ i e supp(yj), 

where yj is the j'-th row of A* . Consequently, for each fixed j G /, there arc not more than S{A*) 
elements i E I with j G supp(zi), and hence 

E E i".i' = E E i«.i'<^(^*)i«i'- (3.24) 

ie/ jesupp(zi) jei iesupp{yj) 

Now (3.24) and (3.23) give the desired inequality 

\Av\ < k{A) ■ \v\ . D 

3.25. Lemma. Assume J C I and P* : P{J) -^ i'^il) is the induced isometric embedding, with 
adjoint orthogonal projection P: P{I) -^ 1^{J)- If ^ is '^ matrix indexed by I, then PAP* is a 
matrix indexed by J, and 

k{PAP*) < k{A). 

Proof. This is obvious from the definition, since we only remove entries in the original matrix A 
to get PAP*. n 

3.26. Lemma. Suppose U <G. For A e M{d x d, CU) let i{A) e M{d x d, CG) be the image of 
A under the map induced by the inclusion U ^ G. Then 

k{A) ^ K{i{A)). 

Proof. Using the fact that G is a free left [/-set, and a set of representatives of the translates of U, 
we see that the matrix for i{A) has copies of A on the "diagonal" and zeros elsewhere (compare 
the proof of [21, 3.1]). Therefore the two matrices have the same shape and the statement follows 
from Lemma 3.20. D 

3.27. Lemma. Let G be a generalized amenable extension of H , and X a corresponding free G- 
H-set as in Definition 1.7. To A <E M{d x d, CG) we associate the operator Ax : P{XY -^ P{XY. 
It is now natural to consider Ax as a matrix indexed by I x I with I := {1, . . . ,d} x X (similar to 
A, where X is replaced by G). With this convention k{Ax) is defined. Then 

k{Ax)^h{A). 

Proof. The argument is exactly the same as for Lemma 3.26, replacing the free U-set G there by 
the free G-set X here. D 

We can combine these results to get a uniform estimate for K{B[i\), if we arc in the situation 
described in 3.10. 

3.28. Lemma. Suppose we are in the situation described in 3.10. Then 

K{B[i]) < k{B) 
for i sufficiently large. 
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Proof. In the cases 3.10(1) and 3.10(2), we actually prove that K{B[i]) = k{B) for i sufficiently 
large. Observe that only finitely many elements of G occur as coefficients in A. Let Y be the 
corresponding subset of G. If G is the inverse limit of G^ and G ^ Gi restricted to Y is injective 
(which is the case for i sufficiently big) the claim follows because the matrices describing B and 
B[i] then have the same shape, and we can apply Lemma 3.20. 

If G is the direct limit of the groups Gi then, since A[jo] has finite support, there is ji > jq 
such that for i > ji the map G^ ^ G is injective if restricted to the support of A[i]. We arrive at 
the conclusion as before. 

In the case 3.10(3), first observe that by Lemma 3.27 k{B) = k{Bx)- Because of Lemma 3.25, 
on the other hand, K{B[i]) < k(Bx)- □ 

3.4 Convergence results for the trace 

3.29. Lemma. Suppose we are in the situation described in 3.10. Assume that p{x) £ C[x] is a 
polynomial. Then 

tTQp(B) — liiatii p(B[i]) 
iei 

Proof. For 3.10(1) and 3.10(2), this is proved in [21, Lemma 5.5]. For 3.10(3), this is essentially 
the content of [21, Lemma 4.6]. Actually, there it is proved that trcPiBx) = hnii^oc trip(i?[i]), 
but observe that by Subsection 2.1, tTap{Bx) = trap{B). Moreover, the assumption that G is a 
generalized amenable extension of U is slightly more general than the assumptions made in [21, 
Lemma 4.6], but our assumptions are exactly what is needed in the proof given there. D 

3.5 Kazhdan's inequality 

We continue to adopt the situation described in 3.10. 

3.30. Definition. Define 

Fa(A) := limsupFA[i](A), 

i 

^(A):=lim^infFA[,](A). 

Recall that limsupjgj{a;i} = infie/{supj>j{xj}}. 

3.31. Definition. Suppose F : [0, oo) ^ M is monotone increasing (e.g. a spectral density func- 
tion). Then set 

F+(A) := lim F(\ + e) 

e-»0+ 



i.e. F^ is the right continuous approximation of F. In particular, we have defined Fa and Fa ■ 

3.32. Remark. Note that by our definition a spectral density function is right continuous, i.e. un- 
changed if we perform this construction. 

We need the following functional analytical lemma (compare [15] or [2]): 
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3.33. Lemma. Let M be a finite von Neumann algebra with positive normal and normalized trace 
trjv". Choose A G M{d x d,M) positive and self-adjoint. 
If for a function |3„ : M ^ M 

X[a,\]{x) <Pn{x) < -Xlo,K]{x) +X[o,A+i/«](a;) \/0 < x < K (3.34) 



and if \\A\\ < K then 



Fa(A) <tTf^pn{A) < -d + FAiX + 1/n). 
n 



Here Xs{x) is the characteristic function of the subset S* C M. 

Proof. This is a direct consequence of positivity of the trace, of the definition of spectral density 
functions and of the fact that tr^(l G M{d x d, M)) ~ dhy the definition of a normahzed trace. D 

3.35. Proposition. For every A G M we have 

FKiX) <^a(A)=^+(A), 

FaW=Fa + {X) = F^{X). 

Proof. The proof only depends on the key lemmata 3.28 and 3.29. These say (because of Lemma 
3.22) 

• ||A[i]|| < K{A\i]) <k(A) Vie I 

• For every polynomial p G C[x] we have trG'(p(A)) = linii tri(p(A[i])). 

For each A G M choose polynomials p„ G M.[x] such that inequality (3.34) is fulfilled. Note that 
by the first key lemma we find the uniform upper bound k(A) for the spectrum of all of the A[i]. 
Then by Lemma 3.34 

^ah(A) < tr,(p„(A[i])) < Fa[^{X+-) + - 

^ ' ^ ' n n 

We can take lim inf and lim sup and use the second key lemma to get 

^(A) < trG(p„(A)) <Fa{X+-) + -. 
n n 

Now we take the limit as n — > oo. We use the fact that tr^ is normal and Pn(A) converges strongly 
inside a norm bounded set to X[o,x]{^)- Therefore the convergence even is in the ultra-strong 
topology. 
Thus 

FZ{X) <Fa(A) <^+(A). 

For e > we can now conclude, since Fa and Fa are monotone, that 

Fa{X) < FaIX + e)< FZiX + e) < i^A(A + e). 

Taking the limit as e ^ 0+ gives (since Fa is right continuous) 

i^A(A)=:F^+(A)=^+(A). 

Therefore both inequalities are established. D 
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We are now able to finish the proof of Theorem 3.11. 

Proof of Theorem 3.11. We specialize Proposition 3.35 to A = and see that 

dimG(ker(A)) > limsupdimi(ker(A[i])). 

i 

On the other hand, by Lemma 3.13, 

dimG(ker(A)) < liminf dinij ker(A[i]), 

i 

and consequently 

dimG(ker(A)) — limdinij ker(A[i]). 

i 

As remarked above, the conclusion for an arbitrary B follows by considering A = B* B. D 

To prove an estimate similar to Lemma 3.13 in the general situation of 3.10, we need additional 
control on the spectral measure near zero. This can be given using uniform bounds on determinants. 

3.36. Theorem. In the situation described in 3.10, assume that there is C G M such that 

lndeti(A[i]) >C ViG/. 

Then IndetG(A) > C, and 

dimG'(ker(A)) = limdimi(ker(A[i])). 
is/ 

Proof. Set K ~ /«(A). Then, by Lemma 3.22 and Lemma 3.28, K > \\A\\ and K > \\A[i]\\ Wi. 
Hence, 

0+ 



lndet,(A[z]) - HK){F^[^{K) - ^^[,,(0)) - / "'"^ ' ^ ""^^ ' dX. 



If this is (by assumption) > C, then since -FA[i](^) = tri(idd) = d by our normalization 



0+ 



dX + C <lii{K){d-F^^i^{0)) <lTi{K)d. 
A 
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We want to establish the same estimate for A. If e > then 



^ Fa(A) - Fa(0) ^^ ^ /-^ JA+(A)-fA(0) ^^ ^ r^ ^A) - Fa(0) 



A 7e A Je A 

(since the integrand is bounded, the integral over the left continuous approximation is equal to the 
integral over the original function) 



^ ^^ JA(A)-fA(0) 

^ hm inf , i^A[i] (A) - lim sup^ F^ii] (0) 
A 
^ ,^liminf,(FAw(A)-FAw(0)) 



A 



Since this holds for every e > 0, we even have 



^ Fa(A) - Fa(0) ^ r" ^(A)-Fa(O) ^^ 



0+ '^ io+ A 

<supliminf / "^ ^ ^ "^ ^ rfA 

e>0 « Je A 

<dln(i\:)-C. 



The second integral would be infinite if lim^^o ^a('5) =/= -Fa(O). It follows that limsupj FA[i](0) = 
-F'a(O). Since we can play the same game for every subnet of /, also liiamfi F^[i]{0) — -F'a(O) i.e. 
the approximation result is true. 

For the estimate of the determinant note that in the above inequality 



supliminfr^MW^ZMM,A 
< hminf sup r ^-i^^('^-/-i^('^ ,A = liminf /" ^-i^^'^ -/-i^^ ,A 

' e>0 Je A I Jq+ a 



<ln(X)(rf-FAw(0))-a 
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Therefore 

lndetG(A)==ln(i^)(d-^A(0))- / i^M^Lu^aM rfA 

> \n{K){d-\imFAm{Oj} - liminf / ^^l^^^> ^^^l^^^' ^x 

K 



limsup(ln(ir)(d-FA[,](0))- / 

i y Jo 



FAl^]W - FAm_m ^^' 



A 
>C. D 

3.6 Proof of Theorems 3.4 and 3.12 by induction 

Theorems 3.4 and 3.12 are generaUzations of [21, Theorem 6.9], where the corresponding statements 
are proved for matrices over ZG. The proof will be done by transfinite induction (using the 
induction principle [21, 2.2]) and is very similar to the proof of [21, 6.9]. Therefore, we will not 
give all the details here but concentrate on the necessary modifications. 
We will use the following induction principle. 

3.37. Proposition. Suppose a property C of groups is shared by the trivial group, and the follow- 
ing is true: 

• whenever U has property C and G is a generalized amenable extension of U , then G has 
property C as well; 

• whenever G is a direct or inverse limit of a directed system of groups with property C , then 
G has property C 

• If U < G, and U has property C , then also G has property C . 

Then property C is shared by all groups in the class Q . 

Proof. The proof of the induction principle is done by transfinite induction in a standard way, 
using the definition of Q. The result corresponds to [21, Proposition 2.2]. D 

We are going to use the induction principle to prove the determinant bound property and the 
algebraic continuity property of Definition 3.1. 

3.6.1 Trivial group 

First we explain how the induction gets started: 

3.38. Lemma. The trivial group G = {1} has the determinant bound property and the algebraic 
continuity property. 

Proof. Remember that A = B*B and dets^i^{B*B) in this case is the product of all non-zero 
eigenvalues of B*B, which is positive since B*B is a non-negative operator. If q{t) is the charac- 
teristic polynomial of A and q{t) = t^q{t) with ^(0) ^ then det{i-i.(A) = g(0). In particular it is 
contained in o(Q). Moreover dei^i^{ak{A)) = (Tfe(dct{i}(A)) for fc = 1, . . . ,r. The product of all 
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these numbers is fixed under txi, . . . , cr^, therefore a rational number and is an algebraic integer, 
hence a (non-zero) integer. Taking absolute values, we get a positive integer, and consequently 

r 

^ln|det{ij(afc(A))| > 0. 
fe=i 

Using Lemma 3.39 we get the desired estimate of the determinant. 
Since C is flat over L, 

dim{i}(ker(B)) ^ dimc(kcr(B)) = dimL(kcr(B|id)). 

Choose a € {cti, . . . , ar}- Since a: L ^ '^{L) is a field automorphism, 

dimL(kcr(B|^d)) = dim„(L)(kcr(cr(B)|„(i)d)), 

which by the same reasoning as above coincides with dinini (ker(cr_B)). D 

3.39. Lemma. Let A ^ M{d x dX)- Then 

\dei{,}{A)\<\\A\\\ 

where \\A\\ denotes the Euclidean operator norm. 

Proof. The result is well known if A has no kernel and det{i}(j4) — det(A). By scaling, we may 
assume that ||j4|| > 1. If A has a non-trivial kernel, choose a basis whose first elements span 

the kernel of A. Then A = I „ .1 and Aq has a smaller dimension than A. It is obvious 

from the definitions that qA{t) = t^""('^'"'('^))g^n(i), where qA is the characteristic polynomial of A. 
Therefore det{i}(A) = det{i}(Ao) (since this is the first non-trivial coefficient in the characteristic 

polynomial). By induction det{ii,(j4) < ||Ao|| "" . Since ||j4o|| < \\A\\, the result follows. 

Observe that the statement is trivial if d = 1. D 

3.6.2 Subgroups 

We have to check that, if G has the determinant bound property and the algebraic continuity 
property, then the same is true for any subgroup U of G. 

This is done as follows: a matrix over <CU can be induced up to (in other words, viewed as) 
a matrix over CG. By Lemma 3.26, the right hand side of (3.2) is unchanged under this process, 
and it is well known that the spectrum of the operator and therefore (3.3) and the left hand side of 
(3.2) is unchanged, as well, compare e.g. [21, 3.1]. Since the spectrum is unchanged, the algebraic 
continuity also is immediately inherited. 

3.6.3 Limits and amenable extensions 

Now assume G is a generalized amenable extension of [/, or the direct or inverse limit of a directed 
system of groups (Gi)i(=/, and assume B G M{d x d, o(Q)G), and A = B*B. That means, we are 
exactly in the situation described in 3.10 (as we have seen before, without loss of generality we 
can assume throughout that the coefficients are algebraic integers instead of algebraic numbers). 
We want to use the induction hypothesis to establish a uniform lower bound on lndeti(A[z]). 



22 J. Dodziuk, P. LinncU, V. Mathai, T. Schick, S. Yates 

3.40. Lemma. In the given situation, 

r 

lndeti(A[i]) > — d > ln(K(crfe(A))) for i sufficiently large. (3-41) 

fc=2 

Proof. In case of 3.10(1) or 3.10(2), since det^ — detc; in this situation, by the induction hypothesis 
we have 

r 

lndet^(A[i]) > -d^ln(«;(afe(AH))). 

fc=2 

However, by Lemma 3.17, (Tfc(A[i]) = (Tfe(A)[i] if i is sufficiently large, moreover, K(crfe(A)[i]) < 
K((Tfc(A)) by Lemma 3.28, again for i sufficiently large. The inequality (3.41) follows. 
It remains to treat the case 3.10(3). Here, 

lndeti(A[i]) = — lndct,7(A[i]). (3.42) 

On the other hand, A[z] is to be considered not as an element of M{d x d, CU), but as an element 
of M{Nid X Nid, CU). Consequently, by the induction hypothesis, 



lndett/(A[z]) > -iV,d^ln(K(,Tfc(A[z]))). 



k=2 

Dividing this inequality by iV^ > 0, and using the fact that by Lemma 3.28 K(crfe(A)) > K((jfe(A[i])), 
again we conclude that the inequality (3.41) is true. D 

Because of Theorem 3.36, 

r 

IndetG(A) > -d^ln(K(crfc(A))). (3.43) 

k=2 

The induction principle of Proposition 3.37 therefore implies that, if G G Q, then G has the 
determinant bound property. 

Note, moreover, that we can now prove Theorem 3.12 inductively. 

To carry out the induction step, we note that 

ker((Tfe_B) := kcr {{cr kB)* a kB) A: := 1, . . . , r. 
The approximation result we have just proved implies (using Lemma 3.17) that 
dimG(ker((o-A;S)*(TfeB)) = \imdimi{kci(((7kB)[i]*(TkB[i])). 

Again we know that for each i keT(((7kB)[i]*(TkB[i]) = ker{(TkB[i]), and the induction hypothesis 
implies that dinii kcr(crfei?[i]) — dinii kcr(_B[i]) for each k = 1, . . . , r and for each i. Therefore, we 
obtain 

dimG(kcr(B)) = dima {kci ( a k(B))). 

By induction, if G G ^ then G has the algebraic continuity property. 
This finishes the proof of Theorems 3.4 and 3.12. 
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3.7 Proof of Proposition 1.9 

To conclude this section, we note that Theorem 3.12 immediately implies Proposition 1.9 be- 
cause the L^-dimension of the kernel we have to compute is the limit of L^-dimensions which by 
assumption are integers. Since Z is discrete, the limit has to be an integer, too. 

4 Absence of transcendental eigenvalues 

For a discrete amenable group G, consider self-adjoint operators A = B*B, B E M(d x d,CG), 
regarded as operators acting on the left on P(G)'^. Then as a consequence of Theorem 3.11 and 
Proposition 3.35, 



SpecAc IJSpec^H (4.1) 

oo 

Specpoint ^ C y Spec AH, (4.2) 

where the A[i] (as in 3.10 part 3 with group U trivial) are finite dimensional matrices over C. 
These results have also been shown for the particular case when A is the Laplacian in [17]. 

This raises the question: do analogues of (4.1) and (4.2) hold for any non-amenable groups? 
When the group algebra is restricted to QG, the answer is yes: we show by Corollary 4.6 that 
(4.1) holds for any group which has the algebraic eigenvalue property, defined below. Such groups 
include the amenable groups and additionally any group in the class C, which includes the free 
groups and is closed under extensions with elementary amenable quotient and under directed 
unions. If further the groups Gi (as in 3.10) all belong to the class Q, Corollary 4.4 demonstrates 
that the point spectrum inclusion (4.2) also holds. A weaker result holds for groups G in the 
larger class Q, namely that a self-adjoint A G M{d x d, QG) has no eigenvalues that arc Liouville 
transcendental numbers (Theorem 4.15). 

A consequence of (4.2) is that for an amenable group G and A = B*B, B G M{d x d,QG), 
the point spectrum of A is a subset of the algebraic numbers. This prompts the definition of the 
algebraic eigenvalue property as follows. 

4.3. Definition. We say that a discrete group G has the algebraic eigenvalue property (or the 
algebraic eigenvalue property for algebraic matrices), if for every matrix A G M{d x d,QG) the 
eigenvalues of A, acting on PlG)'^ are algebraic. We say G has the algebraic eigenvalue property 
for rational matrices, if the same is true for every matrix A E M{d x d,'. 



Observe that for a group G with the algebraic eigenvalue property, and a matrix A over QG, a 
transcendental number is necessarily a point of continuity for the spectral density function of A. 

4.4. Corollary. Assume that we are in the situation described in 3.10, and that G has the algebraic 
eigenvalue property. If B E M{d x rf, QG) and X E C is a transcendental number, then 

dimG(ker(B - A)) = limdim,(kcr(B[i] - A)). (4.5) 

Moreover, if Gi G G, then (4.5) holds for every number A G C. 
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Proof. We shall repeatedly use the fact that ker{A*A) = kci A for a general matrix A. Set 
A= (B-A)*(B-A). Then we have (cf. Lemma 3.17) A[i] = {B\i]-X)*{B\i]-X) (fori>io)- If A is 
transcendental, then by the very definition of the algebraic eigenvalue property, we see that A is not 
an eigenvalue of B. Therefore ker(i3 — A) = and consequently ker A = 0. We now deduce from [21, 
Lemma 7.1] that limig/ dimi(ker(A[z])) — and we conclude that hm^g/ dimi(ker(i3[i] — A)) = 0. 
This proves the first statement and the second statement in the case A is transcendental. Finally 
when A is algebraic, the second statement follows from Theorem 3.12. D 

4.6. Corollary. Let B G M{d x d, QG), where G has the algebraic eigenvalue property, as in 
Corollary 4-4- Following the situation 3.10, take A ~ B* B and A[i\ — B[i]*B[i]. Then regarding 
A as an operator on P{GY , 



Specie IJ Spec ^[i]. (4.7) 

Proof. Suppose Ai,A2 are transcendental real numbers, with 

[Ai,A2]n|JSpecA[z] = 0. 

By the definition of the algebraic eigenvalue property, the spectral density function F^ is continuous 
at transcendental A, and so by Proposition 3.35 

-Fa (A) = limF4[i](A) for A transcendental in R. 

As [Ai, A2] is in a gap of the spectrum of every A[i], 

Fa{\2) - FAiXi) = limF^[,](A2) - F^h(Ai) - 0. 

Therefore 



[Ai , A2] n IJ Spec A[z] = =^ (Ai , A2) n Spec A ^9. (4.8) 

p in Spec^, and sequences A^ and XJ 
converge to p from above and below respectively. Then by (4 



Consider a point p in Spec A, and sequences A^^ and A^ of real transcendental numbers that 



[Xj,X+]n\JSpccA[^^' 



lei 



These constitute a strictly decreasing sequence of closed, non-empty subsets of the real line, and 
so have non-empty intersection. 



^ n (tV' 4] n U Spec^M) = fl [AT, A+] n U Spec A\i 

j=i iei j=i iei 



{p}r\ |JSpcc^[i 



iei 
As this holds for any p in the spectrum of A, (4.7) follows. D 
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4.9. Example. The trivial group has the algebraic eigenvalue property, since the eigenvalues are 
the zeros of the characteristic polynomial. The same is true for every finite group. More generally, 
if G contains a subgroup H of finite index, and H has the algebraic eigenvalue property, then the 
same is true for G. And if G has the algebraic eigenvalue property and H is a subgroup of G, then 
H has the algebraic eigenvalue property, too. 

Proof. This follows immediately from [21, Proposition 3.1] and from [14, Lemma 8.6]. D 

The following theorem has already been established by Roman Sauer in the special case that 
the relevant matrix A is self-adjoint; see [18] for this and many stronger results. 

4.10. Theorem. Free groups have the algebraic eigenvalue property. 
We will deduce this from the following result. 

4.11. Theorem. Let G be an ordered group and suppose G satisfies the .strong Atiyah conjecture 
over CG. Then G has the algebraic eigenvalue property. 

To say that G is an ordered group means that it has a total order < with the property that if 
X < y and g € G, then xg < yg and gx < gy. Since free groups are orderablc and G satisfies the 
strong Atiyah conjecture over CG [13, Theorem 1.3], Theorem 4.10 follows from Theorem 4.11. 

Proof of Theorem 4^.11. For an arbitrary group G, let lAG indicate the ring of operators affiliated to 
the group von Neumann algebra A/'G [14, §8] and [19, Definition 7, p. 741]; this is a ring containing 
A/'G in which every element is cither a zero divisor or invertible. Also let D{G) denote the division 
closure of CG in UG, that is the smallest subring of lAG which contains CG and is closed under 
taking inverses. Of course \i H < G, then UH is naturally a subring of UG and hence D{H) is 
also a subring of D{G). Furthermore if xi, 2:2, . . . are in distinct right cosets of H in G, then the 
sum ^i{'UH)xi is direct and in particular the sum J2i^i^)^i i^ ^l^o direct. 

We describe the concept of a free division ring of fractions for KG where K is a, field, as 
defined on [11, p. 182]. This is a division ring D containing KG which is generated by KG. Also 
if Dn denotes the division closure of KN in D for the subgroup N of G, then it has the following 
property. li N <i H < G, H/N is infinite cyclic and generated by Nt where t E H , then the sum 
^j -Dwi* is direct. 

Now let G be an ordered group which satisfies the Atiyah conjecture over CG. Then D{G) 
is a division ring by [19, Lemma 3], and by the first paragraph is a free division ring of fractions 
for CG. Also we can form the Malcev-Neumann division ring C[[G]] as described in [3, Corollary 
8.7.6]. The elements of C[[G]] are power series of the form X^ngc ^ad ^^^^ a^ G C whose support 
{g G G \ Qg y^ 0} is well ordered. If M indicates the division closure of CG in C[[G]], then M is 
also a free division ring of fractions for CG, so by [11, Theorem, p. 182] there is an isomorphism 
from D{G) onto M which extends the identity map on CG. Therefore we may consider D{G) as 
a subring of C[[G]]. 

Let d be a positive integer and let A <E M{dx d,QG). We shall repeatedly use the following 
fact without comment: if I? is a division ring and x G AI{d x d,D), then x is a zero divisor if 
and only if it is not invertible. Also a; is a right or left zero divisor if and only if it is a two-sided 
zero divisor, and is left or right invertible if and only if it is two-sided invertible. By [13, Lemma 
4.1], the division closure of M{d x d, CG) in M{d x d,UG) is M{d x d,D{G)). Suppose A has a 
transcendental eigenvalue 1/t. Then I — tA is not invertible in M{d x d,UG), so I — tA is not 
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invertible in M{d x d, D{G)). Therefore I — t A is a. zero divisor in M{d x d, D{G)) and we deduce 
that I-tAis not invertible in M(dx d, C[[G]]). Thus I -tA is not invertible in M(dx d, Q(t)[[G']]) 
and we conclude that I — tAis a. zero divisor in M{d x d, Q(t)[[G']]). Let us write T for the infinite 
cyclic group generated by t. Then Q(t) embeds in Q[[T]] and we deduce that I — tA is a zero divisor 
in M{d X d, (Q[[T]])[[G]]). Let E denote the division closure of Q[T x G] in (Q[[T]])[JG]]. Then 
/ — tA is not invertible in M{d x d, E) and hence is a zero divisor in M{d xd,E). Now (Q[[r]])[[G']] 
is just the Malcev-Neumann power series ring with respect to the ordered group T x G, where we 
have given T x G the lexicographic ordering; specifically (t* , h) < (P , g) means h < g ot h = g 
and i < j. Note that i<^ is a free division ring of fractions for Q[T x G]. We may also form the 
Malcev-Neumann power series with respect to the ordering {V,h) < {t\g) means i < j ov i = j 
and h < g. The power series ring we obtain in this case is (Q[[G]])[[T]]. Since the division closure 
of Q[T X G] in (Q[[G]])[[T]] is also a free division ring of fractions for Q[T x G], we may by [11, 
Theorem, p. 182] view £^ as a subring of (Q[[G]])[[T]]. We deduce that I — At is a zero divisor in 
(Q[[G]])[[r]], which we see by a leading term argument is not the case. D 

4.12. Theorem. Assume H has the algebraic eigenvalue property, or the algebraic eigenvalue 
property for rational matrices. Let G be a generalized amenable extension of H . Then G also 
has the algebraic eigenvalue property, or the algebraic eigenvalue property for rational matrices, 
respectively. 

Proof. Let B e M(d x d,QG). By Theorem 3.11, as B - \ e M{d x d, CG), 

dimH{B\i] - A) 



diniG ker(i3 — A) = lim 



N,, 



The B[i] are matrices over Q-ff, and so if _ff has the algebraic eigenvalue property, diuiH B[i] — \ = 
for all transcendental A. So 

A ^ Q =^ dime kcr(B - A) = 0, 

that is, B has only algebraic eigenvalues. G therefore has the algebraic eigenvalue property. The 
same argument applies for the case where H has the algebraic eigenvalue property for rational 
matrices. D 

4.13. Corollary. Every amenable group, and every group in the class C of Linnell has the alge- 
braic eigenvalue property. 

Proof. Since the trivial group has the algebraic eigenvalue property. Theorem 4.12 implies the 
statement for amenable groups. 

The proof of the algebraic eigenvalue property for groups in C is done by transfinite induction, 
following the pattern of [13]. 

For ordinals a define the class of groups Ca as follows: 

(1) Co is the class of free groups. 

(2) Ca+i is the class of groups G such that G is the directed union of groups Gi G Cq, or G is 
the extension of a group H ^ Ca with elementary amenable quotient. 

(3) Cfj ~ [Ja<g^°' 'when /? is a limit ordinal. 
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Then a group is in C if it belongs to Ca for some ordinal a. The algebraic eigenvalue property holds 
for groups in Cq by Theorem 4.10. Proceeding by transfinite induction, we need to establish that 
groups in C^ have the algebraic eigenvalue property given that all groups in Cq, have the property 
for all a < p. For limit ordinals (3, this follows trivially. 

When l3 = a + 1 for some a, a group in Cf3 either is an extension of a group in Ca with 
elementary amenable quotient, and thus has the algebraic eigenvalue property by Theorem 4.12, 
or is a directed union of groups Gi in Ca- 

Note that A € M{d x d, KG) can be regarded as a matrix A' in M(d x d, KH) where H \s a. 
finitely generated subgroup of G, generated by the finite support of the Ai,j in G. By Proposition 
3.1 of [21], the spectral density functions of A and A' coincide. As subgroups of a group with 
the algebraic eigenvalue property also have the property, it follows that a group has the algebraic 
eigenvalue property if and only if it holds for all of its finitely generated subgroups. If G G Ca+i 
is the directed union of groups Gi G Ca, it follows that every finitely generated subgroup of G is 
in some Gi and so has the algebraic eigenvalue property. G therefore has the algebraic eigenvalue 
property. D 

In view of these results, we make the following conjecture: 

4.14. Conjecture. Every discrete group G has the algebraic eigenvalue property. 

We can give further evidence for this conjecture in the case of G belonging to the class Q, using 
the knowledge of the spectrum that we have in this case. 

4.15. Theorem. Assume G E G and A = A* e M{d x d,QG). Assume that X e M. is a tran- 
scendental number, but that for every n G N there is a rational number Pn/qn with qn ^ '2 such 
that 



0< 



A-^ 



Then A is not an eigenvalue of A acting on P{G)'^ 



< 4r- (4-16) 

In 



Observe that it follows from Liouville's theorem [10, Satz 191] that a number A satisfying the 
second set of assumptions of Theorem 4.15 is automatically transcendental. 

Proof of Theorem 4-15. The support of the elements Aij of A over G is finite, and so we can find 
a finite field extension L C C of Q and a positive integer m such that mA G M{d x d,o{L)G), 
where o{L) is the ring of integers of L. If A is a Liouville transcendental, then so is mX. We can 
then regard A as being in M{d x d, o{L)G) without loss of generality. 
Since G G t?, we can apply (3.9) to the operator 

Vn ■■= {qnA-pn)*(qnA-pn). 

Observe that 

IIKII < {qn II All + b„|)2 < g2(||A|| + A + 1)2, (4.17) 

since by (4.16) \pn\ < |A| q„ + q„. If A is an eigenvalue of A, then s„ := (g„A — Pn)"^ will be an 
eigenvalue of Vn (since A — A*). Observe that 

s„ < gr'" < 1. (4.18) 
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If 

< a := dimG(ker(A - A)) 
is the normalized dimension of the eigenspace to A, then 

Fy„(s„) - FvAO) = FvMln^-Pny) - Fv^O) > a. (4.19) 

Since Vn has coefficients in o{L), we can use (3.8), 



Fv„{sn) - Fv„{0) < 



-HSn/\\Vn 



^ c?-Efc=iln(K(<Jfe(y„))) 



(4.20) 



(2n-2)lng„ 
With A self- adjoint, 

K{ak(Vn)) = K{<7k{qlA^ - 2pnqnA+pl)) 

= KiqldkiA"^) ~ 2pnqn<yk{A) +pI) 

= SiqlakiA^) - 2pnqnak{A) + pi) \qlak{A^) - 2p„g„(Tfc(A) +pl\^ (4.21) 

< max{g2, |2p„g„l ,pl} ■ {S{A^) + S{A) + l){\ak{A')\^ + \ak{A)\^ + l) 

< Piqn)Ck 

where P is some quadratic polynomial with coefRcients depending only on A, and Ck is a constant 
depending only on k and A. Let C = maxjCi, . . . , Cr}. Then combining (4.19), (4.20) and (4.21), 

^ dr ln(P(g„)C) 

a < • . 

2ri — 2 In (j„ 

The right hand side becomes arbitrarily small as n ^ oo. Consequently, a — 0, i.e. A is not an 
eigenvalue of yl. D 

4-22. Remark. It is obvious that Theorem 4.15 immediately extends to transcendental numbers 
A £ R which have very good approximations by not very "complex" algebraic numbers. Here, the 
complexity of an algebraic number ^ would be measured in terms of its denominator (i.e. how big 
is fc e N such that k^ is an algebraic integer), in terms of the degree of its minimal polynomial, 
and in terms of the absolute value of the other zeros of the minimal polynomial. 

Unfortunately, the set of real numbers which admit such approximations appears to be of 
measure zero. At least, this is true by [10, Satz 198] for numbers covered by Theorem 4.15, and 
the proof of Hardy and Wright seems to carry over without difficulty to the larger set described 
above. 

5 Zero divisors: from algebraic to arbitrary 

In the introduction, we claimed that it suffices to study QG to decide whether CG satisfies the 
zero divisor conjecture. For the readers convenience, we give a proof of this well known fact here. 
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5.1. Proposition. Assume that there are ^ a,b E <CG with ah = 0. Then we can find ^ 
A,B eQG with AB = 0. 

Proof. Write a — X^opc'^sff' ^ ~ 12naG f^ad' Since only finitely many of the ag and jSg are non- 
zero, they are contained in a finitely generated subfield i C C We may write L — Q(xi, . . . , a;„)[u] 
with xi, . . . ,Xn algebraically independent over Q, and v algebraic over Q(a;i, . . . , a;„) (because of 
the theorem about the primitive element, one such v will do). Upon multiplication by suitable 
non-zero elements of Q(a;i, . . . , a;„), we may assume that v is integral over Q[a;i, . . . , Xn], i.e. that 
there is a polynomial ^ p{z) — z" + pn-iz"^^^ + ■ ■ ■ + Po with pj e Q[a;i, . . . ,a;„], irreducible in 
Q(xi, . . . , a;„)[z], and with p(v) = 0. This can be achieved because the quotient field of the ring of 
integral elements of L is L itself. 

Moreover, by multiplying a and b by appropriate non-zero elements of Q[a:;i, . . . , a;„] (the com- 
mon denominator of the ag or Pg, respectively), we may assume that ^ a,b E Q[a:;i, . . . , a;„][w]G, 
with ah = 0. 

We now proceed to construct a ring homomorphism 

with y^ A := (p{a) and j^ B := 4'{b). Obviously, AB — (f>(ab) — 0, and this proves the claim. 

To construct (f>, observe that substitution of algebraic numbers for xi, . . . ,Xn defines a well 
defined homomorphism (f>o: <lj[xi, . . . ,Xn] —^ Q. Each such homomorphism can be extended to 
Q[a;i, . . . , Xnliw], provided (l)o{p{z)) has a solution in Q. Since the highest coefficient oi p is 1, (f)(p) 
is not a constant polynomial. Consequently, Q being algebraically closed, the required solution 
of (j}o{p{z)) and therefore the extension of the ring homomorphism 0o to Q[a:i, . . . , a;„][u] always 
exists. 

Choose now g,g' € G with ag ^ ^ (3gi. Observe that ag G Q[a;i, . . . ,a;„][w] is integral over 
Q[a:i, . . . , Xn] since v is integral. The same holds for figi . In particular, there exist irreducible 
polynomials 

q{z) = z" + g,„_iz"-^ + • • • + go, r{z) = z"' + • • • + ro £ Q[a;i, . . . , a;„][z] 

with q{ag) = = r{j3gi). Irrcducibility implies in particular that 

go = '7o(a;i,. ..,a;„) y^ 7^ ro(xi,. ..,a;„). 

By induction on n, using the fact that Q is infinite and that any non-zero polynomial over a field 
has only finitely many zeros, we show that there are di, . . . ,dn G Q with qo{di, . . . ,dn) =/= 7^ 
ro((ii,...,(i„). 

Consequently, if 00 is the corresponding substitution homomorphism 

(l)o-Q[xi,...,x^]^Q, 

is not one of the zeros of the polynomials (f>o (r) or (j)o (q) . Let 

^■.Q[xi,...,x„][v]^Q 

be an extension of (Jjq. Then Ag :~ 4>{oig) is a zero of (j}{q) = (t>i:i{q), and Bgi := 4>{l3gi) is a zero of 
cj){r),i.e.Ag^Q^Bg,. 

However, with A = (p{a) and B ~ (f>{b), Ag is the coefhcient of g in A, and Bgi is the coefficient 
of g' in B. It follows that A 7^ 7^ S, as desired, but AB = 0. D 
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6 Approximation of L^-Betti numbers over the complex 
group ring 

It is an interesting question, in the situation of Theorem 3.12, whether the convergence result also 
holds for matrices over the complex group ring. We don't know about any counterexample. Here 
we will give some positive results. Let i? be a domain. Recall that R satisfies the Ore condition 
or equivalently, R is an Ore domain, means that given r, s ^ R with s ^ 0, then we can find 
ri,r2,si,S2 G R with si,S2 ^ such that ris = sir and sr2 = rs2 (some authors call this the 
left and right Ore condition). In this situation we can form the division ring of fractions whose 
elements are of the form s^^r; these elements will also be of the form rs^^. 

6.1. Proposition. Assume G is torsion free, CG is an Ore domain and whenever ^ a G CG, 
^ / G l'^{G) then af ^ 0. Let G be a subgroup of the direct or inverse limit of a directed system 
of groups Gi, i e I. If B € M{d x rf, CG) and B[i] G M{d x d,CGi) are constructed as in 3.10, 
then 

dimG(ker(B)) = limdimG.(ker(B[i])). (6.2) 

6.3. Corollary. The statement of Proposition 6.1 is true if G is torsion free elementary amenable 
or if G is amenable and left- order able. 

Proof. If G is elementary amenable and torsion free then the strong Atiyah conjecture over CG is 
true for G and therefore dime ker(a) = if 7^ a G CG, hence a has trivial kernel on P{G). If 
G is right orderable then 7^ a G CG has trivial kernel on P(G) by [12]. In particular CG has no 
non-trivial zero divisors. Since G is amenable, by an argument of Tamari [22] given in Theorem 
6.4 CG fulfills the Ore condition. Therefore the assumptions of Proposition 6.1 are fulfilled. D 

For the convenience of the reader we repeat Tamari's result: 

6.4. Theorem. Suppose G is amenable, R is a division ring (e.g. a field), and R*G is a crossed 
product (e.g. the group ring RG). Assume R * G has no non-trivial zero divisors. Then R * G 
fulfills the Ore condition. 

Proof. Suppose we are given a, u G i? * G with a ^ Q. Without loss of generality, we need to find 
f3,T G R*G with T 7^ such that Pa — ra. Write a ~ '^n^o o-g and a — X^ogg •^S' "^here Og, Sg € R 
for all (7 G G. Let Z = suppa U suppa (where suppa denotes {g £ G \ Og ^ 0}, the support of 
a). Using the F0lner condition, we obtain a finite subset X of G such that X^ogz ^-^9 \ ^I < 1^1- 
Let us write /3 = X^^ex ^^^ ^^^ ''' ^ l^xex ^^^ where b^jt^ G R are to be determined. We want 
to solve the equation jSa ~ ra, which when written out in full becomes 

y^ bx{xsgx^'^)xg = ^ tx{xagX^^)xg. 
xex, geG xex, gee 

By equating coefficients, this yields at most 2 |X| — 1 homogeneous equations in the 2 \X\ unknowns 
bx,tx- We deduce that there exist /3, t, not both zero, such that Pa — ra. Since i? * G is a domain 
and a ^ 0, we see that r 7^ is not a zero divisor and the result is proved. D 

Proposition 1.10 is a direct consequence of the corollary because there G is a subgroup of the 
inverse limit of the quotients G /Gi. 
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Proof of Proposition 6.1. By [21, 7.3] (6.2) holds if rf = 1. We use the Ore condition to reduce 
the case of matrices to the case d = 1. Since CG C 1^{G) the assumptions imply that CG does 
not have zero divisors. Therefore the Ore localization DG of CG is a skew field. Moreover, since 
7^ a G CG has no kernel on l'^{G) it becomes invertible in the ring UG of operators affiliated to 
the group von Neumann algebra of G [14, §8] and [19, Definition 7, p. 741]. Therefore DG embeds 
into UG. (By [19, 4.4] G fulfills the strong Atiyah conjecture over CG.) 

Fix now B e M{d x d, CG). By linear algebra, we find invertible matrices X,Y ^ M{d x d, DG) 
such that XBY — diag(wi, . . . , Vd) with Vi S DG. The Ore condition implies that we can find a £ 
CG— {0} such that Vi = aia~^ with ai G CG, for i ~ I, . . . ,d. Therefore XBYa = diag(ai, . . . , ad) 
Applying the same principle to the entries of X and Ya, we can find x,y E CG — {0} such that 
xX = U and Yay = V with U,V E M{d x d, CG). Altogether we arrive at 

UBV = diag{ai,...,ad) (6.5) 

where all objects are defined over CG (a^ ~ xauy). Moreover, U and V are invertible over DG 
and therefore also over UG and hence have trivial kernel as operators on P{G)'^. (6.5) translates 
to 

U[t]B[t]V[t]=diag{{al),,...,{ad)^) 

(if G is the direct limit of the groups Gi , then the images of the left and right hand sides of the 
above in M{dx d, CG) are equal, consequently for all sufficiently large i the above equality will be 
true). 

By [21, 7.2] dime- ker(C/[z]) > and dimg; ker(V"[i]) > 0. The one dimensional case 

immediately implies 

dime. ker(diag(aij, . . . , a^J) -^ dime ker(diag(ai, . . . , o^)). 

We have the exact sequences 

-^ kcT{V[i]) ^ kcT{U[i\B[i\V[i]) ^^ ker(C/[i]B[i]) (6.6) 

-^ kcT{B\i]) ^ kcTiU\i]B\i]) -^ ker(t/[i]). (6.7) 

Because of additivity of the L^-dimension [16, Lemma 1.4(4)] 

dimci kcr(t/[i]i?[z]y[i]) — dimc; ker(C/[2]) — dimc; ker(y[i]) 

< dime. kcT{B[i]) < dime, kcr {U[i]B[i]). 

Since all these operators are endomorphism of the same finite Hilbert A/'G^-module P{Gi)'^, 

dime, keT:{U[i]B[i]) = dime. ker(B[i]*C/[i]*) 

< dime. kcT{V[i]* B[i]*U[i]*) ^ dim^ kcT:{U[i]B[i]V[i]), 

and similarly Avoiq kcr {U BV) = dimGker(_B). Everything together implies (6.2). D 
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